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Abstract 
This paper deals with uncertain parabolic fluid flow problem where the uncertainty occurs 
due to the initial conditions and parameters involved in the system. Uncertain values are 
considered as fuzzy and these are handled through a recently developed method. Here the 
concepts of fuzzy numbers are combined with Finite Difference Method (FDM) and then 
Fuzzy Finite Difference Method (FFDM) has been proposed. The proposed FFDM has been 
used to solve the fluid flow problem bounded by two parallel plates. Finally sensitivity of the 
fuzzy parameters has also been analysed. 
 
Keywords: Uncertain parameters, finite difference method, fuzzy finite difference method, 
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1. Introduction 
Uncertainty is a common phenomenon which arises in various branches of engineering and 
science. These are vague, imprecise and incomplete information about the variables and 
parameters being a result of errors in measurement, observations, experiment, applying 
different operating conditions or it may be maintenance induced errors etc. These 
uncertainties and vagueness are traditionally handled by stochastic approaches where the 
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parameters and variables are considered as random. As a result, the governing differential 
equations involve randomness and turn to be stochastic.  
 
In this context, various investigations have been done by considering stochastic nature of the 
involved parameters. Researchers have used both the exact and numerical approaches to 
solve different stochastic problems. In the following paragraphs, the numerical approach to 
solve stochastic differential equations are discussed which are closely related to the present 
work. Numerical methods viz. finite difference, finite element and perturbation methods in 
connection with stochastic variables are investigated by various authors. Ghanem and Spanos 
[1] described a natural extension of the deterministic finite element method. They considered 
spectral approach to determine the system response. This solution approach involves two 
stages. The first stage consists of adequately representing the stochastic process 
corresponding to the random system properties. The second stage involves solving of the 
resulting set of equations. Hien and Kleiber [2] used variation principle with the stochastic 
method to solve stochastic differential equations for transient and steady-state heat problems. 
Kaminski [3] considered second order perturbation method to handle random parameters 
stochastically to solve structural related problems. In [4, 5], various heat transfer problems 
have been investigated within uncertain environment. Xiu [4] presented a random spectral 
decomposition method for the solution of transient heat conduction subjected to random 
inputs. Emery [5] combined boundary element method with orthogonal expansion theory and 
proposed a new numerical method for solving stochastic heat transfer problems.  Further, 
Kaminski and Carey [6] solved fluid flow problem by considering traditional second order 
stochastic perturbation technique. 
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In the above literature review, it has been observed that we need large number of 
experimental data to investigate problem stochastically. In practice, it may be difficult 
sometime to get a large number of experimental data so we need an alternative method in 
which we may handle the uncertainty with few experimental data. In this regards, Zadeh [7] 
proposed an alternate idea i.e. fuzzy number to handle uncertain values which helps to 
overcome the complexity of availability of large data. Hence we need the help of 
interval/fuzzy analysis for managing these types of data. The direct implementation of 
interval or fuzzy becomes complex and the computation is also a difficult task. So to avoid 
such difficulty various authors tried different techniques to handle such difficulty. In this 
context, Dong and Shah [8] proposed vertex method for computing functions of fuzzy 
variables. In vertex method, various possible combinations of uncertain values are considered 
and examined. For n intervals it need to perform n2  computations and then the minimum and 
maximum values are assigned as the left and right bounds respectively. Whereas, Dong and 
Wong [9] used Fuzzy Weighted Average Method (FWAM) to handle uncertain fuzzy 
variables. Further, Yang et al. [10] modified FWAM and proposed methods which require 
less computation. Klir [11] revised fuzzy arithmetic by considering the relevant requisite 
constraints and a transformation method based on the concept of  -cut has been presented 
by Hanss [12]. This transformation method reduces fuzzy values into interval form and then 
used. 
 
Further, it may be reveals from the above literature that interval/fuzzy arithmetic is a great 
tool to handle the uncertainty. This arithmetic have been used by various authors to 
investigate different engineering problems and few of these are discussed here. Bart et al. 
[13] investigated the uncertain solution of heat conduction problem and gave a good 
comparison between response surface method and other methods. Further, various diffusion 
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problems are investigated in [14, 15] using proposed fuzzy finite element method. Next, 
Wang and Qiu [16] considered fuzzy finite difference method to solve uncertain heat 
conduction problems.   
 
It has also been seen that the insertion of uncertainty makes the problem complex to handle, 
so to avoid such complexity various authors proposed alternate techniques which are 
sometimes a tedious task to perform. In view of this, here a non-probabilistic finite difference 
method viz. fuzzy finite difference method is proposed. This method converts the fuzzy 
parameters into intervals and then these interval values are transformed into crisp form using 
the proposed transformation in [17]. In addition, the stability of the proposed method has 
been analysed. Using this method a moving plate problem is investigated and uncertain 
solutions are depicted graphically. Finally, present results are validated through comparing 
with the crisp results and it is found in good agreement. Along with the validation, the 
variability of uncertainty has also been studied in various cases. 
 
In this paper, the basic definition of fuzzy number and its arithmetic operations have been 
presented in section 2. Section 3 describes the statement of the problem along with the initial 
and boundary conditions. In section 4, the connection of uncertainty with the well-known 
finite difference method has been discussed. Then the stability of the proposed method is 
analyzed in section 5. The proposed method is demonstrated for the said problem and the 
sensitivity of uncertain parameters are described as various cases in section 6. 
 
2. Preliminary 
The basic definitions of a fuzzy number are given in [18-20] as follows 
Definition 2.1 
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A fuzzy number x in parametric form is a pair  xx, of functions )(x and )(x , 
where  1,0  satisfies the following conditions. 
i. )(x  is a bounded non-decreasing left continuous function in (0, 1], and right 
continuous at 0. 
ii. )(x  is a bounded non-increasing left continuous function in (0, 1], and right 
continuous at 0. 
iii. )(x  )(x , 0   1. 
 
Definition 2.2 
A fuzzy number ],,[
~ RNL aaaA   is said to be triangular fuzzy number when the 
membership function is given by (Fig. 1) 
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Fig 1. Triangular Fuzzy Number (TFN)
 
 
Triangular fuzzy number ],,[
~ RNL aaaA   may be transformed into interval form by using 
 cut as follows 
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Definition 2.4 
If the fuzzy numbers are taken in ordered pair form (as discussed in definition 2.1) then using 
limit method [21], the arithmetic rules may be written as 
1. [ )(),(  xx ] [ )(),(  yy ] 
= [min { 2
1
1
1
21 limlim,limlim mmmm
nnnn 
 }, max { 2
1
1
1
21 limlim,limlim mmmm
nnnn 
 }] 
2. [ )(),(  xx ] [ )(),(  yy ] 
= [min { 21
1
2
1
1 limlim,limlim mmmm
nnnn 
 }, max { 21
1
2
1
1 limlim,limlim mmmm
nnnn 
 }] 
3. [ )(),(  xx ] [ )(),(  yy ] 
= [min { 2
1
1
1
21 limlim,limlim mmmm
nnnn 
 }, max { 2
1
1
1
21 limlim,limlim mmmm
nnnn 
 }] 
4. [ )(),(  xx ] [ )(),(  yy ] 
= [min { 21
1
2
1
1 limlim,limlim mmmm
nnnn 
 }, max { 21
1
2
1
1 limlim,limlim mmmm
nnnn 
 }] 
where for any arbitrary interval 
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      3. Moving plate problem 
As mentioned earlier we have considered here a parabolic differential equation. Firstly, the 
said problem is investigated with crisp parameters for the sake of completeness and then the 
uncertainties are introduced. We have considered a fluid bounded by two parallel plates 
extended to infinity such that no end effects are encountered. The planar walls and the fluid 
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are initially at rest and we assume that the lower wall is suddenly accelerates in the x-
direction. 
A spatial coordinate system is selected such that the lower wall includes the xz plane to 
which the y-axis is perpendicular. The spacing between two plates is denoted by h. 
The Navier-Stokes equations for this problem may be expressed as [22] 
2
2
y
u
t
u





        (1) 
where,   is the kinematic viscosity of the fluid. 
Corresponding initial and boundary conditions may be written as below. 
Initial condition 
t=0, 




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hyu
yUu
0,0
0,0
 
Boundary condition 
,0t  




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hyu
yUu
,0
0,0
 
The above problem may easily be solved by using well known finite difference method. In 
the finite difference method, derivatives of the governing equations are usually replaced by 
difference schemes. First the Forward Time Central Space (FTCS) explicit scheme is 
considered for the crisp case. As said earlier this is done to have a comparison while 
analysing the corresponding uncertain problem. Then gradually fuzzy parameters are 
introduced in the model. Let us choose the time and space step as t  and y (along y-axis) 
respectively. The velocity term 
n
ju  has been taken as the second order central difference 2
2
y
u


, 
where, j and n correspond to y-axis and time respectively. 
 
Applying FTCS explicit scheme in Eq. (1), we obtain the following discrete expression 
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Eq. (2) can be written as 
 njnjnjnjnj uuu
y
t
uu 112
1 2
)(
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 


      (3) 
Eq. (3) is the crisp representation of FTCS explicit scheme for Eq. (1) which is the standard 
well known procedure. In the next section, the main aim of this investigation viz. the 
uncertain representation of FTCS explicit scheme has been discussed. 
 
4. Fuzzy finite difference method 
In actual practice, problems depend on experimental observations and operating conditions 
which are influenced by the systems. In general, the problems contain uncertainty due to the 
involved parameters, experimental observations and operating conditions of the systems and 
so these uncertainties may not be avoided. As mentioned earlier that one may handle this 
uncertainty by probabilistic method but sometime due to the lack of knowledge about the 
distribution of random values for uncertain parameters one may  consider these uncertain 
parameters as fuzzy/interval form. However it may not be straight forward to handle such 
uncertainties in term of fuzzy due to complicated fuzzy arithmetic. As such, we target here to 
handle the problem by taking the uncertain parameters as Triangular Fuzzy Number (TFN) 
and presented a schematic diagram for the proposed fuzzy finite difference method in Fig. 2. 
 
The schematic diagram for proposed fuzzy finite difference method involves three steps such 
as input, output and hidden layer. In the input part, uncertain TFN parameters are provided to 
the system. These parameters are then executed through a step by step process inside the 
hidden layer which is discussed later in this section. After execution of the hidden layer we 
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get uncertain TFN as output in third step. In Fig. 2, alpha level representation of two fuzzy 
sets X
~
and Y
~
 with their triangular membership functions for fuzzy arithmetic operation has 
been shown. Deterministic value (crisp) is obtained for 4 -level of fuzzy sets whereas for 
321 and,  level we get the interval values. Output may be generated by considering all 
possible combinations of alpha levels. 
 
Fig 2. Model diagram of fuzzy finite difference method 
 
Fuzzy numbers are the generalization of interval values for various membership 
functions  1,0 . Let us assume that these uncertain parameters may be denoted as fuzzy 
vector Tmxxxx ),,,(
~
21  , then we may write the fuzzy number x
~  in interval form as 
)](),([  xx . For every values of   in between 0 and 1 we get an interval and these are 
represented as Ix .  
Considering these interval representations, the derivatives may be defined as  
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If we take y-axis as crisp, then the derivative terms may be represented as 
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Using the above representations we may write the fuzzy finite difference scheme for Eq. (1) 
as  
 nI jnI jnI jInI jnI j uuu
y
t
uu , 1,
,
,
,
1,2
,
,
1,
, 2
)(

 


         (4) 
As such, Section 5 gives the stability analysis of the proposed uncertain scheme and the 
uncertain solution of the said problem has been investigated in section 6.  
 
5. Stability Analysis 
As fuzzy numbers are the generalization of interval values, so we have discussed here the 
stability analysis in term of interval values for various membership functions. Accordingly, 
Eq. (4) may be represented in matrix form as 
kI
j
IkI
j
I uytBuytA ,,
1,
, ),(),(  

      (5) 
where ),( ytAI  and ),( ytB I  are coefficient matrices which depend on t  and y . 
Here we have assumed that ),( ytAI   is non-singular such that we may introduce another 
matrix 
),(),()(),( 1 ytBytAytC III        (6) 
Using Eqs. (5) and (6) we get 
kI
j
IkI
j uytCu
,
,
1,
, ),(  

      (7) 
Let us consider the initial condition as 0
1,
, )0( Uu
kI
j 

 then Eq. (7) may be written as 
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We also assume that the error is 0  in initial step to investigate the interval stability. 
Denoting the corresponding uncertain solution by
kI
ju
,
,
~
 , one may get 
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Now subtracting Eq. (8) from Eq. (9) we have 
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If there exist a constant 0K  for NU 0  then the following inequality satisfies 
001,1 ),(  KytC kIk        (11) 
and then the interval difference scheme is assumed to be stable. 
In other words the necessary and sufficient condition of stability for interval difference 
scheme is 
KytC kI  ),(1,       (12) 
 
6. Case Study 
We consider the problem discussed in section 3, where the parameters used are given in 
Table 1. Here both the crisp and fuzzy parameters are taken into account and the model 
diagram for the present system is shown in Fig. 3.   
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Fig 3. Model diagram of parallel plates system with a suddenly accelerated plane wall 
 
Initially the system is investigated for crisp parameters and then fuzziness has been 
introduced by using the above discussed proposed method. The fuzziness of the system is 
studied in detail and the solution set is reported in various cases. Using proposed method the 
crisp problem is solved for different time (t= 0.18, 0.36, 0.54, 0.72, 0.90 and 1.08) in sec. and 
the solution sets for the said time are shown graphically in Fig. 4. 
Table 1 Crisp and fuzzy parameters for the said system 
Parameters Crisp [22] TFN 
  0.000217 [0.000180, 0.000217, 0.000250] 
h  40 [30, 40, 50] 
0U  40 [30, 40, 50] 
 
Now to study the uncertainty of the system various cases have been discussed by considering 
different combinations of fuzzy values. The left, centre and right values of the fuzzy solutions 
are depicted in Figs. 5 to 11.  
 
Different combinations of fuzzy numbers viz. one parameter, two parameters and three 
parameters are considered as below.  
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Case 1 (one parameter is fuzzy) 
Here only one parameter has been assumed as fuzzy and the obtained results are depicted in 
Figs. 5 to 7.  In Fig. 5, only the kinematic viscosity of the fluid is taken as fuzzy and obtained 
results for left, centre and right solutions at time, t= 0.18, 0.54, 0.90 sec. are shown. In Fig. 6 
height of the plate is considered as fuzzy and the solution set are shown for different time 
intervals t= 0.18, 0.54, 0.90 sec. It is observed that the uncertain width of the solution set 
decreases in Fig. 6, as we move from left to right on velocity axis. Whereas, in Fig. 7 initial 
condition is assumed to be fuzzy and it is seen that the width of the solution set increases as 
we move from left to right on velocity axis. Again if one move on time t= 0.18, 0.54, 0.90 
sec., it is seen that the mean width of the uncertainty increases. Although we get same pattern 
of curves for three different problems, the uncertain width varies drastically from problem to 
problem. So the sensitivity of the uncertain parameters changes accordingly. 
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Fig 4. Crisp solution of the system 
Fig 5. Solution of the system when only   is 
fuzzy 
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Fig 6. Solution of the system when only h  is 
fuzzy 
Fig 7. Solution of the system when only 0U  
is fuzzy 
 
Case 2 (two parameters are fuzzy) 
In this case three problems depending upon two parameters as fuzzy viz. i) kinematic 
viscosity and height of the parallel plates, ii) height of the parallel pates and initial condition, 
and iii) kinematic viscosity and initial condition are assumed as fuzzy. Solution sets for 
different problems are plotted in Figs. 8 to 10. In Fig. 8, kinematic viscosity and height of the 
plates are taken as fuzzy. It is observed that the width of the uncertain solutions decreases 
with the velocity axis. In Fig. 9 height of the plates and initial condition are considered as 
fuzzy and it is seen that the width of the uncertain solutions increases as we move from left to 
right on velocity axis. Similarly in Fig. 10 kinematic viscosity and initial condition are 
assumed to be fuzzy. Further it may be noted that the width of the uncertain solutions 
increases as we move from left to right on velocity axis. If we see the variation of the 
uncertain solutions along time t= 0.18, 0.54, 0.90 sec., then one may be note that the mean 
width of the uncertainty also increases for all three problems. 
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Fig 8. Solution of the system when only   
and h are fuzzy 
Fig 9. Solution of the system when only h  
and 0U  are fuzzy 
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Fig 10. Solution of the system when only   
and 0U  are fuzzy 
Fig 11. Solution of the system when   , h  
and 0U  are fuzzy 
 
Case 3 (three parameters are fuzzy) 
Finally we consider all three parameters as fuzzy and the obtained set of solutions are 
depicted in Fig. 11. Here it may be noted that the uncertain mean width of the solution is 
more when all three parameters (Fig. 11) are fuzzy as compare to the combination of any two 
parameters (Figs. 8 to 10) as well as the case where one parameter are assumed as fuzzy.  
From the above investigation we may observe that the height and initial conditions are more 
sensitive and it is found that the uncertainty drastically increases with increase in time. 
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7. Conclusion 
In this paper, the uncertain parabolic differential equation has been solved numerically in 
connection with the fuzzy parameters by using proposed fuzzy finite difference method. The 
concept of fuzziness is hybridised with the well-known finite difference method and the 
fuzziness of the parameters are managed by using newly developed limit method. For the 
sake of completeness and validation, stability of the proposed method has also been analysed.  
Various combinations of uncertain fuzzy parameters are taken into account and uncertain 
solutions are reported here. It is found that the widths of the uncertainty in solution sets 
changes drastically when all the parameters are taken as fuzzy. 
 
8. Acknowledgement 
The authors would like to thank BRNS (Board of Research in Nuclear Sciences), Department 
of Atomic Energy, (DAE), Govt. of India for providing fund to do this work. 
 
9. References 
1. Ghanem R.G. and Spanos P., Stochastic Finite Elements: a Spectral Approach. 
Springer-Verlag, 1991. 
2. Hien T.D. and Kleiber M., Stochastic finite element modeling in linear transient 
heat transfer, Computational Methods in Applied Mechanics and Engineering, 
(1997), volume 144, pages 111–124. 
3. Kaminski M., stochastic perturbation approach to engineering structure vibrations 
by the finite difference method, Journal of Sound and vibration, (2002), volume 
251(4), 651-670. 
17 
 
4. Xiu, D.B., A new stochastic approach to transient heat conduction modeling with 
uncertainty, International Journal of Heat Mass Transfer, (2003), volume 46, 
pages 4681–4693. 
5. Emery, A.F., Solving stochastic heat transfer problems, Engineering Analysis with 
Boundary Elements, (2004), volume 28, pages 279–291. 
6. Kaminski M and Carey GF, Stochastic perturbation-based finite element approach 
to fluid flow problems, International Journal of Numerical Methods for Heat Fluid 
Flow, (2005), volume 15(7), pages 671–97. 
7. Zadeh, L.A., Fuzzy sets, Informations and Control, (1965), volume 8, pages 338–
353. 
8. Dong W. and Shah H., Vertex method for computing functions of fuzzy variables, 
Fuzzy Sets and System, (1987), volume 24, pages 65–78. 
9. Dong W. M. and Wong F. S., Fuzzy weighted average and implementation of the 
extension principle, Fuzzy Sets and System, (1987), volume 21, pages 183-199. 
10. Yang H. Q., Yao H. and Jones J. D., Calculating functions on fuzzy numbers, 
Fuzzy Sets and System, (1993), volume 55, pages 273-283. 
11. Klir G. J., Fuzzy arithmetic with requisite constraints, Fuzzy Sets and System, 
(1997), volume 91, pages 165-175. 
12. Hanss M., The transformation method for the simulation and analysis of systems 
with uncertain parameters, Fuzzy Sets and System, (2002), volume 130, pages 
277-289. 
13. Nicolai B.M., Egea J.A., Scheerlinck N., Banga, J.R., Datta A.K., Fuzzy finite 
element analysis of heat conduction problems with uncertain parameters, Journal 
of Food Engineering, (2011), volume 103(1), pages 38-46. 
18 
 
14. Nayak S. and Chakraverty S., Non-probabilistic approach to investigate uncertain 
conjugate heat transfer in an imprecisely defined plate, International Journal of 
Heat and Mass Transfer, 2013, volume 67, pages 445–454,.  
15. Chakraverty S. and Nayak S., Fuzzy finite element method in diffusion problems, 
Mathematics of uncertainty modelling in the analysis of engineering and science 
problems, IGI global, (2013), Chapter 15, Pages 309-328,.  
16. Wang Chong and Qiu Zhi-Ping, Fuzzy finite difference method for heat 
conduction analysis with uncertain parameters, Acta Mechanica Sinica, (2014), 
volume 30(3), pages 383–390. 
17. Chakraverty S. and Nayak S., Non probabilistic Solution of Uncertain Neutron 
Diffusion Equation for Imprecisely Defined Homogeneous Bare Reactor, Annals 
of Nuclear Energy, (2013), volume 62, pages 251–259. 
18. Dubois D. and Prade H., Theory and application, fuzzy sets and systems, 
Academic Press, Waltham, MA, (1980). 
19. Kauffman A. and Gupta MM, Introduction to fuzzy arithmetic: theory and 
application, Van Nostrand Reinhold, New York, (1991). 
20. Zimmermann HJ (1991) Fuzzy sets theory and its applications, Kluwer Academic 
Press, Dordrecht. 
21. Chakraverty S. and Nayak S., Fuzzy finite element method for solving uncertain 
heat conduction problems, Coupled System Mechanics, (2012), volume 1 (4). 
22. Hoffmann Klaus A. and Chiang Steve T., Computational Fluid Dynamics, 
Volume I, Fourth Edition, Engineering Education System, (2000). 
